CHAPTER 2

FIRST ORDER DIFFERENTIAL
EQUATIONS

In this section we discuss how to solve a first order differential
equation in the form
F(x,y, y') =0 or y' =fxy)
and the general solution can be written in the form f(x,y,c) = 0,

where c is an arbitrary constant.

@l. SEPARATION OF VARIABLES»

We use this method if we can write the given differential equa-
tion in the form

y' =P)QW»)
or in the form
P(x)dx + Q(y)dy = 0.
By integrate the above equation we get the general solution of the
differential
EXAMPLE 1.1»
Find the general solution of the D.E.
y =3x2+1

SOLUTION
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By separate the variables
dy = (3x? + 1)dx
By integrate the both sides

fdy = f(3x2 + 1)dx

Then the general solution is
y=x3+x+c
EXAMPLE 1.2»
Find the general solution of the D.E.
(1+x3)y =1+y?
SOLUTION
By separate the variables

dy  dx
1+yz_1+x2

By integrate the both sides

J dy _J dx
14+y2 ) 1+x2

Then the general solution is

tan"lx = tan 1y + ¢
EXAMPLE 1.3»
Find the general solution of the D.E.

dy x+cosx
dx  y2
SOLUTION

Separation of variables yields

y2dy = (x + cos x)dx
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By integrate the both sides
fyzdy = f(x + cos x)dx
Then the general solution is

3 ) )
Ex + 3sinx +c

3:

y

EXAMPLE 1.4»
Find the general solution of the D.E.
xdx + ydy = 0 , y(\/i)=\/§
SOLUTION
By integrate the both sides

f xdx + f ydy =c¢
Then the general solution is
x*+y?=c
To determine c: since x = V2 at y = v/2 ,then the particular solu-
tion is x2+y?=4
EXAMPLE 1.5»
Find the general solution of the D.E.

y' +2x/1—-y%2=0

SOLUTION

By dividing over /1 — y? and separate the variables we get

d
Y + 2xdx =0
1—y2

By integrate the both sides
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fd—yz—zfxdx
/1—ﬁ

we have sin"ly = ¢ — x?
Then the general solution is
y = sin(c — x?)
EXAMPLE 1.6»
Find the general solution of the D.E.
vy +x3(@y%2-1)=0
SOLUTION
By separate the variables

ydy

_ 3
yz—l_x dx

By integrate the both sides

1 2ydy 3
Ejyz_l——f.XdX

Then the general solution is
%ln(y2 -1)= %x‘* +c
EXAMPLE 1.7»
Find the particular solution of the D.E.
yy' +x2eX Y =0  where y(0)=0
SOLUTION

By separate the variables
x2e* dx + yeyzdy =

By integrate the both sides
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fxze"de+fye3’2dy =0

Then the general solution is
%ex3 + %ey ‘=c¢
From the initial condition y(0) = 0 the particular solution is
2e%* +3e¥’ =5
EXAMPLE 1.8»
Find the general solution of the D.E.
sec’x tanydx + sec’ytanxdy =0
SOLUTION

By separate the variables

sec?x sec?y

x + dy=0
tan x tany

By integrate the both sides
sec?x sec?y
f dx + f dy =
tan x tany

Then the general solution is

In|tanx| + In|tany| = Inc
tanxtany =c¢
EXAMPLE 1.9»
Find the general solution of the D.E.
y' +e¥y =e¥y?
SOLUTION

Write the equation in the form

dy X
il y(y—1)
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Separation of variables yields
dy
yoy—1

By integrate using the partial fractions we have

= e*dx

In]ly — 1| —In|y| =e* + ¢
Then the general solution is

Inly —1
L: ex+c
In|yl|

EXAMPLE 1.10»

Find the general solution of the D.E.
(1+y?Hdx+ (1 +x*)dy=0

SOLUTION

By separate the variables

d d
=+ -0
1+x%2) (A+y?)
By integrate the both sides

| a ixx2)+f a iyyZ) =0

Then the general solution is

tan"'x + tan"ly = ¢
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EXERCISES 1

Find the general solution of the following D.E. and if the initial

condition given investigate the particular solution

(1) y' = 2xy (2) x?ydy = e¥dx
(3)?2—1=1+x2 (4)3—2:=cosxe_y

G)xJ1+y2+yVi+x2y'=0  (6) 2xyy' =1+x

(N =21+ ®y' =2, y1)=2

O 1+ x2)y" = x*y* (10)y’' = ysecx

(11) e**Yy' = 2x (12)y' = yxz;zf’;m

(13) y' =e* Y + x%e™Y (14) 2xyy' =1+ y2,y(2) =3
(15)y" = e*7%, y(0) =0 (16) xy' —y = xy

(17)xy" =coty ,y(1) =0 (18)y' = Zz:zj ,a, b consts.
(19) (a® + x*)dy — ydx = 0 (20) €Yy’ = 3(1 + e¥)x?

CHA+x)ydx+(1—-y)xdy =0
(22) sinxcosy dx —cosxsinydy =0

(23)3e*tany + y'(1 + e*)sec’y =0 , y(0) = %

) x(x+1dy =@+ 1)(y+2)dx
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@2. HOMOGENEOUS D.E.»

In this section we will discuss how to solve homogeneous dif-
ferential equations of first order and differential equations can be
transformed to homogeneous D.E.

DEFINITION»
The function f(x, y) is homogeneous of degree n if
f(Ax,ly) = A"f(x,y) where Ais a parameter

EXAMPLE 2.1»
Discuss the homogeneity of the following functions:

(@) f(xy,2)=xz-y’z’
®) fxy)="—""
Y

(c) f(x,y)=xtan (%) +1 cos (%)

(d) f(x,y)=x" -y +x°y°

SOLUTION

) 2, 22)= G G~ G
= \//14(x3z —y*z%)

=2’z —y?z" = 22 f(x,v)

1.e. the function is homogeneous of degree 2.

() +(Ay) _ 2+ i)

O G 2y, 22) =20 S =
= M = f(x’ v, Z)
XY

20



1.e. the function is homogeneous of degree 0.

(c) f(Ax, Ay)= Ax tan (j—ij + Ay cos (%)

= {xtan (%) +1cos (%ﬂ =Af(x,y)

1.e. the function is homogeneous of degree 1.

(d) f(Ax, Ay)= A*x* = 22y* + A°x°y°
=1 <x2 %+ /14x3y3) # A f(x,v)
1.e. the function is non-homogeneous since its value depends on A.

Let
Y =f0Y) e (1)

homogeneous differential equation
Then it need not be separable. However a homogeneous differen-

tial equation is always transformed into separable equation by us-

ing the substitution

v="=
X

Substitution into differential equation (1) by

y=vx -y =v+xv

We have v+xv' = f(v)
And by separate the variables we get
dv dx
f-v x

Therefore, equation (1) is transformed into separable D.E.
EXAMPLE 2.2»
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Find the general solution of the D.E

=Yz
y =1+

SOLUTION
The D.E. is homogeneous, so we put

y=xv -y =xv'+v
xv'+v=v+-—
v

dv 1

X— =—
dx v

This separate equation in terms of x, v has differential form
dx
vdv= | —+c
X

Integration the both sides, we obtain

2
—v4 =In|x|+ ¢
~v? = In|x]

The general solution can be obtained by substituting v = %

y? = x?(Inx? + 2¢)
EXAMPLE 2.3»
Find the general solution of the D.E
y
xy' =xex+y

SOLUTION
The D.E. is not separable, so we write it as

Yy
''=ex + =
y e X
Which recognize as being homogeneous. So by putting
y=xv -y =xv'+v

xv'+v=e"+v
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dv_
xdx_

This separate equation in terms of x, v has differential form
_v dx
eVdv=| —+c
x

Integration the both sides, we obtain

e‘V

—eV=In|x|+c¢

The general solution can be obtained by substituting v = %

-y

—ex =In|x| +c¢
EXAMPLE 2.4»
Find the general solution of the D.E

x=y)y'=y
SOLUTION
Dividing this equation by x (assuming that x # 0), we have
Yo, _ Y
A=y =7
Let y=xv -y =xv'+v
, v
xv +v= 1—o
dv  v?

X — =
dx 1-v
In differential form, this equation can be written

1—v_dx

v2 X

Integration the both sides, we get
———In|v| =In|x| + ¢
v

The general solution can be obtained by substituting v = %
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—f—ln |}—]| =In|x| +¢
y X

EXAMPLE 2.5»

Solve the differential equation

xy' =y +x?—y?

SOLUTION
Dividing this equation by x (assuming that x # 0), we have

2
y y
I=_ 1__

This is a homogeneous D.E.

1
2

Let y=xv -y =xv'+v

1
xv'+v=v+(1—-v?):?

dv 1

Xa = (1 —172)E
dv _dx
Vvi—-v2 X

Integration the both sides, we get
sin"'v =In|x| +1Inc
Substituting v = %
y = x sin (In cx)
EXAMPLE 2.6»

Solve the differential equation

xy'=y+x%+y?

SOLUTION
Dividing this equation by x (assuming that x # 0), we have
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This is a homogeneous D.E.

Let y=xv -y =xv'+v

1
xv'+v=v+(1+v%):

dv _dx
N

Integration the both sides and substituting v = %
1 (Y
1(2) —
sinh (x) = In|cx|

EXAMPLE 2.7»
Solve the differential equation
(xy + x?)dy — y?dx = 0

SOLUTION
The D.E. is homogeneous, so let

y=xv -y =xv' +v

v
xv' +v=
v+1
dv —v
X — =
dx v+1

By separate and integrate the both sides, we have
—v —In|v| =In|x| +Inc
Substituting v = % the general solution is

-y

Cy = e x
EXAMPLE 2.8»
Find the general solution of the D.E
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x+y

!

Y =5 y
SOLUTION
The D.E. is homogeneous of zero degree so we can rewrite it as
1+2
=1y
X
Let y=xv -y =xv'+v
, 1+v
xv' +v=
1-v
dv _ 1+v?

xa_ 1—v

By separate and integrate the both sides, we have
J‘ dv J‘ vdv [ dx N
1+ v2 1+v2 ) x '€

1
tan~lv — Eln(l +v%) =In|x| +1Inc

The general solution can be obtained by substituting v = %

tan‘1% =Incy/x% + y?

EXAMPLE 2.9»
Find the general solution of the D.E

2"/ (1 —%)dx +(1+2¢7x)dy =0

SOLUTION

The D.E. is homogeneous of zero degree so

Let y=xv —dy=xdv+vdx
2e’(1 —v)dx + (1 + 2e¥)(xdv +vdx) =0

(2eV +v)dx + x(1 + 2e¥)dv =0
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By separate and integrate the both sides, we have
f 2e’ +1 dx

v+ 0
2e’ +v X

In|2e¥ + v| + In|x| = Inc

The general solution can be obtained by substituting v = %

y+ 2xe§ =c
EXAMPLE 2.10»
Find the general solution of the D.E
x%y' = x% 4+ xy + y?

SOLUTION
We can rewrite the D.E. as

. xF+xy +y?
R
The D.E. is homogeneous, so we put

y=xv -y =xv'+v

) 1+v+v?
v +v=—rr—
1
By separate and integrate the both sides, we have
J dv.  [dx 4
T+vz ) x T 0€

tan v = In|x| + Inc
The general solution can be obtained by substituting v = %

y = x tan(In xc)
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EXERCISES 2

Find the general solution of the following D.E. and if the initial

condition given investigate the particular solution

(Dxy' —y =[xy

2)(x +y)dx + xdy =0

(3) xdy — ydx — \/x? —y2dx =0

(4)2x*y' +5x2+y?> =0

(5)Bx—y)y' =3y —x

©)y' =%+e3’/x

(7) xydx — (x — 2y)%dy = 0

&) (x* +y*)y' = xy

(9)3x(y +x)y’' = 2(2y?% + 2xy + x?)

(10)xy' =y + xe¥/*

(11) (x* + y*)dx + xydy = 0,y(1) = —1

Y
x

(12)y' = % + sin

(13)xy' =y +4x?>+y?, y(1) =0

(1) x+y)y' =y

(15) (xsin %— ycos %) dx + xcos %dy =0

(16) y*dx = x(2y — x)dy

(17) (x3 + y3)dx + 3xy?dy = 0

(18) (x* — y*)dx = xydy

@3.DIFFERENTIAL EQUATIONS CAN BE TRANS-
FORMED INTO HOMOGENEOUS D.E.»

Consider the D.E. in the form
dy aix+by+c

i Gx by o,

(D

Where the numerator and denominator represent two straight lines

We have three cases:

First case

If ¢; = ¢, = 0 then the D.E. (1) is homogeneous D.E. can be

solved as we explain in the previous section.




Second case

If the two straight lines are intersecting,

a b
#0 or —1¢—1
a, b,

a; by
a, b,

Let we assume the intersection point is (4, k), then put
x=u-+h, y=v+k = dx=du, dy =dv
Substituting in the D.E. (1) we get
dv._ a;u+bv+ (ah+ bk +cq)
du ayu+b,v+ (ah+bk+cy)

.(2)

Since (4, k) is the intersection point of the two straight lines, then
aih+bik+c;=0& a,h+bk+c, =0
and the D.E. (2) become in the form
dv _ a;u+byv
du ayu+ b,v’

which is a homogeneous D.E.

EXAMPLE 3.1»
Find the general solution of the D.E
, x+y-—1
(T
SOLUTION

It's clear that the two linesx + y — 1 = 0,y — x — 3 = 0 are inter-
secting. So, solving the two equations to determine the intersection
(h, k) we get

(h,k) =(—1,2)
Putx =u—1, y=v+ 2, the given D.E will be
dv. u+v
du v—u
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Which is homogeneous D.E., so we put

v=uz -v =uz'+z
z2—2z-1
—
By separate and integrate the both sides, we have

j‘ z—1 Qg = du
z2—2z—1 Z= u

—uz' =

1
Elnlz2 —2z—1|=—=Inlul +Inc
u?(z?-2z—-1)=¢C
By substituting z = E we obtain
v\ 2 v
2 _ _ R —
u [(u) 2 (u) 1] =C
v:i-2uv—-u?=¢C
Substituting u = x + 1, v =y — 2 the general solution is
y-2>-2x+ D@y -2)—(x+1*=C
EXAMPLE 3.2»

Find the general solution of the D.E
, 2x+y—3
Y % +y-—2

SOLUTION
It's clear that the two lines 2x + y —3=0,x +y — 2 = 0 are in-

tersecting and by solving the two equations to determine the inter-
section (%, k) we get

(h, k) = (1,1)
Putx =u+1, y=wv+1,thegiven D.E will be
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dv_2u+v
du u+v

Which is homogeneous D.E., so we put

v=uz v =uz'+z

, 24+2z
uz' +z =
1+2z
2+z _2—z2

!

uz =

1+z Z= 1+z
By separate and integrate the both sides, we have
j 1+z du

Z=
2—z2 u

1
jZ—ZZdZ-l_jZ— dz =In|u| + ¢

Using partial fraction integral we have

V2. W2+z2 1 )
l —=In|2 —z%| =In|u| + ¢
V2—2z| 2
By substituting z = 5 we obtain
V2 V243 1 VN2
Tlnﬁ_z —Ell’l 2—(;) =IHIUI+C
u

Substituting u = x — 1, v =y — 1 the general solution is
V2 |V2a-D+y-1] 1 y— 1y
7z, - (22
V2x—-1)-y+1| 2
EXAMPLE 3.3»

=Inlx —1|+¢

Find the general solution of the D.E
x+y-—3
x—y—1

!

y:
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SOLUTION
The two lines are intersecting and by solving the two equations to

determine the intersection (%, k) we get
(h, k) = (21)
Putx =u+2, y=wv+1,thegiven D.E will be

dv_u+v

du u—-v
Which 1s homogeneous D.E., so we put
v=uz —->v =uz' +z
1+z
1—-2z
By separate and integrate the both sides, we have

jl—zd _ du
1+ 22 Z= Uu

1
tan~1z — Elnll +z%| =Inju| + ¢

uz' +z =

By substituting z = E we obtain
AT | v
tan (u) > In |1+ <u)
Substituting u = x — 2, v =y — 1 the general solution is
2
1 y—l) 11 (y—l)
—ZInl1 A
tan (x—Z 7kl R
EXAMPLE 3.4»
Find the general solution of the D.E

_x+3y—2
S 3x+y+2

2

= Inlu| + ¢

=In|lx—-2|+¢

4

y
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SOLUTION
One can notice that the two lines are intersection and by solving

the two equations the intersection point is
(h,k) = (-1,1)
Putx =u—1, y=v+1,thegiven D.E will be

dv_u+3v
du 3u+v

Which is homogeneous D.E., so we put

v=uz -v =uz' +z
1+3z
3+z
By separate and integrate the both sides, we have
j‘ 3+z du

uz' +z =

z=|—
1—z2 u

Jdu+j( 2 1 )d 1
u z—1 z+1 Z=1ne

In|u|+2In|z—1| —In|z+ 1| =Inc

By substituting z = E = z—: , We obtain
-1 -1
ln|x+1|+21n|y —1|—ln|y +1|=lnc
x+1 x+1
2
y—x—2 y+x
1 (=) |-
n\Ge+1) x+1 nCx+1

The general solution is

(x—y+2)2=clx+y)
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Third case
If the two straight lines are parallel:

a, b a b
L= or ==
az bz a2 b2
In this case we using the substitution
Z=a;x + b1y or z=ayx+byy,

which more simply. In this case the D.E. transformed into separa-
ble equation
EXAMPLE 3.5»

Find the general solution of the D.E
, _ x+2y+3

Y Tkt 6y+7

SOLUTION

The two straight lines are parallel, so we put

cxt2y Y
z=x Y dx dx

dz z+3

a:1+2<22+7>
dz 4z+ 13
dx 2z+7

22z+7)—-1
2z+7

[0 [ 557 = ] a
z 22+7 x

1
Zz—Eln|22+7| =x+c

dz = dx

1
2x+4y—51n|2x+4y+7|=x+c
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EXAMPLE 3.6»
Find the general solution of the D.E

, _x+y-—5
Y S x+y+1
SOLUTION
We notice that the two straight lines are parallel, so let
z=x+y B d_y = % -1
dx dx

Substitution in the D.E.

dz z—75
a_lzz+1
dz 2z—-4
E= z+1

Separate and integral we find
f z+1 dz = f d
22-47 " |

! +31| 2l =x+
22 21’IZ =X C

Substituting z = x + y the general solution is

1 3
E(x+y)+iln|x+y—2|=x+c

EXAMPLE 3.7»

Find the general solution of the D.E
2x+y—1

Y :4x+2y+5

SOLUTION

We notice that the two straight lines are parallel, so let
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dy dz
z=2x+ty B—=——2

dx  dx
Substitution in the D.E.
dz z—1
dx 2= 2z+5
dz 5z+9
dx 2z +5

Separate and integral we find

22+5d _fd
5z+9 Z= x

2+ L In|5z+9] = x +
5Z 25nz =X Cc

Substituting z = 2x + y the general solution is
2 7
§(2x+y) +£ln|10x +5y+9|=x+c

EXAMPLE 3.8»
Find the general solution of the D.E

, 2x +y
Y T tr2y+1
SOLUTION
We notice that the two straight lines are parallel, so let
z=2x+y Iﬁd—y:%—Z
dx dx
Substitution in the D.E.
dz z
dx © T 2z+1
dz 5z+2
dx  2z+1

Separate and integral we find
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f22+1d _Jd
52+ 2 Z= x

(2t ar= [ a
5 52+2) Y%7

1 1
g(Zz+§ln|52+ 2|> =x+c

Substituting z = 2x + y the general solution is

1
(4x + 2y) +§ln|10x +5y+2|=5x+¢c

EXERCISES 3

Find the general solution of the following D.E.

dy _ x+7y+2 dy  x+y+2
(DG = irvses O %=
y+6 dx x-y—4
dy x-y—1 dy x—2y+9
O%=5= @ = 5oy
y x 3x—6y+19
dy  —2x+2y EZ __ x—3y+2
(S)dx-_ y—1 (6)dx _-3x+9y—12
day —x+y dy _ x+y-3
D e = o ® o = ¥s
y+1 dx xX+y+5
dy _ x+4y-2 EX-— x+2y+1
(9)dx _-4x—y+9 (10)dx _-2x+4y+3
d 2 -2 d -3y—
(11)_y= x+y (12)_y=7x y—7
dx y—x—2 dx 7y—3x+3
dy _ 2x+2y+1 EX _ x+y-1
(13)dx - x+y—-1 (14)dx _-2x+2y—3
dy _ 3x+4y+1 EX __ 6x—3y+2
(ls)dx _-4x+5y+4 (lé)dx-_ 2x-y—-1
d -y— d —
(17)%:&1 (18) & = X2

xX—-y—2

dx _-3x—3y+1
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E4.EXACT DIFFERENTIAL EQUATIONS. »
Consider a first order differential equation in the form
P(x,y)dx + Q(x,y)dy =0 e o evvee v e (D)
The D.E. (1) is said to be exact D.E. if we can find a function
F(x, y) whose total differential,
dF = P(x,y)dx + Q(x,y)dy,

In this case the general solution of Eq. (1) is

F(x,y)=c
Theorem »
IfP,Q ,Z—; ,g—i are continuous functions then the sufficient condition
to become the D.E. (1) is exact D.E. is
oP 0

Proof »
Let P(x,y)dx + Q(x,y)dy = 0 is exact then there exist a
function F(x, y) such that

dF = P(x,y)dx + Q(x,y)dy

But from the differentiation for a function of two variables we find

By comparing the above two equations we find
oF oF
w-f 570
Using the partial derivative we have
0%F _opP 0%F _0Q
dyox dy dxdy  0x
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Since the function F(x, y) is continuous then

0%F 0%F
Jdyox - dxdy
So we can say that
oP  0Q
dy dx

How we solve the exact D.E. »
We have many methods to solve the exact differential equation.

The best and easiest of these methods that we find

0 f P(x,y)dx (i) j QCx,y)dy

And the general solution be

all terms in (i)+ all terms in (ii) and doesn't appear in (i)=const.
EXAMPLE 4.1»
Find the general solution of the D.E

(2xy3 + 2)dx + (3x%y? +e¥Y)dy =0

SOLUTION
Let P=2xy3+2, Q=3x?y?+¢”
Z—i = 6xy? ) Z—g = 6xy?
Since
or _00
Jdy Ox

Then the D.E. is exact, so

() J(ny:"' + 2)dx = x?y3 + 2x
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(ii) f(3x2y2 + e¥)dy =x?*y3 + ¥
And the general solution is
x?y3+2x+e¥=c
EXAMPLE 4.2»
Find the general solution of the D.E
[cosx.tany + cos(x + y)]dx + [sinx.sec?y + cos(x + y)]dy = 0
SOLUTION
By comparing the given equation and standard form we get

P =cosx.tany + cos(x +y) , Q =sinx.sec?y + cos(x + y)

apP
= cosx.sec?y —sin(x +y),

dy

d

% = cos x.sec?y — sin(x + y)

Since
P aQ
dy  0x

Then the D.E. 1s exact, so

() f[cos x.tany + cos(x + y)]dx = sinx tany + sin(x + y)

(ii) j[sin x.sec?y + cos(x + y)]dy = sinx tany + sin(x + y)

And the general solution 1s

sinxtany +sin(x+y) =c
EXAMPLE 4.3»
Find the general solution of the D.E

dy  2x>+3y
dx 1-3x-—y
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SOLUTION
2x3+3y)dx+ Bx+y—1)dy =0

Let P=2x*+4+3y, Q=3x+y—-1
P 90

—=3 , =—=3
dy 0x

Since
JoP  9Q
dy Ox
Then the D.E. 1s exact, so

1
) f(2x3 + 3y)dx = Ex“‘ + 3xy

1
(ii)j(3x+y—1)dy=3xy+§y2—y

And the general solution 1s
x*+6xy+y?—-2y=c
EXAMPLE 4.4»
Find the general solution of the D.E
(2xe**y + 3x2)dx + (e** — 2y)dy = 0
SOLUTION
Let P=2xeXy+3x%, Q=¢e* -2y

apP . 90
 — 2xeX -~
ay % '’

Then the D.E. is exact, so we find

x2

= 2xe

Q) [ (2xe**y + 3x2)dx = e’y + x3
y y

(i) J(e"z —2y)dy =e*’y — y?
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1s

ey +x3—y2=c
EXAMPLE 4.5»
Find the general solution of the D.E

2x(y —
%dx +In(1+x3)dy=0
SOLUTION
_ 2x(y-1) _ 2
Let P_—1+x2 , Q=In(1+x°)
o°P  2x 00  2x
dy 1+ x2 o Ox 14 «x2

Then the D.E. is exact, so we find
2x(y —
O [ZEPdx = - Dinca+ )

(ii) J In(1+ x?)dy =yIn(1 + x?)
And the general solution 1s
(y—DIn(1+x*)=c

EXERCISES 4
Find the general solution of the following D.E.
(D) 2xydx + (x2 + y*)dy = 0
2)eVdx—QRQRy+xe¥)dy =0
(3) cosxcosy dx —sinxsiny dy =0
(4)§dx —yx—zdy =0
(5) 3e3*y — 2x)dx + e3*dy = 0
(6) (e¥cosy —2)dx —e*sinydy =0
(7)(tanx + y?)dx + (coty + 2xy)dy = 0
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(8)(2x — 5y)dx+ 2y — 5x)dy = 0

(9)(3x%ye*’ —1)dx + e*’dy = 0
(10)(x+y+3)dx+(x—y—4)dy =0

(1) (y%e™” + 4x3)dx + (2xye™” — 3y?)dy = 0
(12)(3x%y —tany)dx + (x® — x sec?y)dy = 0

(13) <—+ Sy) dx + (%+ Sx) dy =0

(14)%@ +1In(2 + x2)dy = 0

(15)(x + cosy)dx + (tany — xsiny)dy = 0
(16) 2ye** — x3)dx + e**dy = 0
@5. REDUCTION TO EXACT D.E. INTEGRAING FAC-
TOR) »
The D.E. - ydx + xdy = 0 is not exact; if we multiply it by xiz, we
get an exact D.E.
;—f dx + %dy =0
By solving the above D.E. the solution is % =c
This example gives the idea. All we did was multiply a given non

exact D.E.

P(x,y)dx + Q(x,y)dy = 0,
by a function u(x,y) # 0 (integration factor) the result was

uP(x,y)dx + pQ(x,y)dy = 0
which is exact equation.

We can obtain the integration factor by several methods such as;

First case
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Assume that the integration factor is a function in x only u = u(x)
then the integration factor is
R, —Q
p(x) = el a®@dx yhere g(x) =2 0 ad
Second case
Assume that the integration factor is a function in y only u = u(y)
then the integration factor is

P, - X
u(y) = e~ JBODY  where B(y) = %

Third case
Assume that the integration factor 1s 4 = u(x, y) and this case hard
then the solution is

x y
f 1C y)P(x, y)dx + f 1 )P (e, y)dy = ¢
X0 Yo

EXAMPLE 5.1»
Find the general solution of the D.E
(x2+y? +x)dx +xydy =0
SOLUTION
Let P=x*+y% +x, Q=xy
op 0
W * o
Then the D.E. is not exact, but we remark that
a(x) :Pngx = ZyX;y :%

Then the integration factor is

‘U(X) = efa(x)dx = ef%dx =X
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By multiply the given D. E. then we get an exact D.E. which is
(x3 + xy? + x¥)dx + x*ydy = 0,
and the solution is
3x* + 6x%y% +4x3 =
EXAMPLE 5.2»
Find the general solution of the D.E
(4xy? — x* + 3y)dx + (2x%*y + x)dy = 0
SOLUTION
Let P=4xy?—x*+3y, Q=2x’y+x
op 0
W * o
Then the D.E. is not exact, but we remark that
Py—Qy 4xy+2 _E
Q 2x%y+x  x

a(x) =

Then the integration factor is
w(x) = el atdx — 42
By multiply the given D. E. then we get an exact D.E. which is
(4x3y? — x* + 3x%y)dx + (2x*y + x3)dy = 0,
and the solution is
S5x*y? —x5+5x3y =¢
EXAMPLE 5.3»
Find the general solution of the D.E
(y cos3x — 1)dx + cos?xsinxdy = 0
SOLUTION

Let P=ycos®x—1, Q=cos’xsinx
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apP d
op 9@
dy 0x
Then the D.E. is not exact, but we remark that

P, — Qx 2cosxsin’x

a(x) = = 2tanx

Q  cos?xsinx
Then the integration factor is
w(x) = ela(dx — p2[tanxdx — p2lnsecx — o2y
By multiply the given D. E. then we get an exact D.E. which is
(y cosx — sec?x)dx + sinxdy = 0,
and the solution is
ysinx —tanx = ¢

EXAMPLE 5.4»
Find the general solution of the D.E
(xy? + y)dx —xdy = 0

SOLUTION

Let P=xy’+y, Q=—x
dapP d
op 9@
dy 0x

Then the D.E. is not exact, but we remark that
Py—Qx 2xy+2 2

Then the integration factor is
’u(y) = e—fﬁ(Y)dy — }%

By multiply the given D. E. then we get an exact D.E. which is
(+5)ax= () av =0
x+—|dx—|— =0,
y y2)
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and the solution is
Exz + ;=€
EXAMPLE 5.5»
Find the general solution of the D.E
(2cos2x + 3y)dx + (3x +sin2x + 3xy)dy =0
SOLUTION
Let P=2cos2x+ 3y, Q =3x+sin2x + 3xy
op 0
W * o
Then the D.E. is not exact, but we remark that
P, — Qy _ —2cos2x =3y

) = P 2cos2x+ 3y

Then the integration factor is
p(y) = e JBWay = ofdy — oy
By multiply the given D. E. then we get an exact D.E. which is
(2cos2x + 3y)eYdx + (3x + sin 2x + 3xy)eY dy = 0,
and the solution is
e¥(sin2x + 3xy) =c¢
EXAMPLE 5.6»
Find the general solution of the D.E
xy*eY + 2xy3 + y)dx + (x%y*e¥ — x?y? —3x)dy =0

SOLUTION
Let P =2xy*Y+2xy3+y, Q=x%y*eY —x%y?—3x

op 0

W
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Then the D.E. is not exact, but we remark that

( )_Py—Qx_Sxy3ey+8xy2+4_4
PO =-"% C 2xyteY +2xy3+y y
Then the integration factor is
1
'u(y) = e_fﬁ(y)dy - —
y*

By multiply the given D. E. then we get an exact D.E. which is
(2 y+2x+1)d roer -5 24 o
xe¥ +—+—|dx + (x°e?¥ ——=——)dy =0,
y y® y: oyt

and the solution is

x%> x

x*e’ +—+—=c
y y
EXERCISES 5
Find the general solution of the following D.E.
(D A —xy)dx + (xy —x*)dy =0
@) (x® —y)dx + (x + x%y)dy =0
B yy+Ddx—x(y+2)dy =0
(4) 3x% + y*)dx + 3xydy = 0
(5) (x —y?dx + 2xydy =0
6) ydx + 2x —y®)dy =0
(7 (x? —y?)dx + 2xydy = 0

3x
(8)(3x2 + 2y)dx + (2xIn3x + 7)dy =0

92y — 4x*)dx + xdy =0
(10)(2y —x¥)dx + xdy =0
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